In this paper we investigate the Alexander polynomial of (1, 1)-knots, which are knots lying in a 3-manifold with genus one at most, admitting a particular decomposition. More precisely, we study the connections between the Alexander polynomial and a polynomial associated to a cyclic presentation of the fundamental group of an n-fold strongly-cyclic covering branched over the knot, which we call the ncyclic polynomial. In this way, we generalize to all (1, 1)-knots, with the only exception of those lying in S 2 × S 1 , a result obtained by J. Minkus for 2-bridge knots and extended by the author and M. Mulazzani to the case of (1, 1)-knots in S 3 . As corollaries some properties of the Alexander polynomial of knots in S 3 are extended to the case of (1, 1)-knots in lens spaces.
Introduction and preliminaries
A knot K in a 3-manifold M is called a (1, 1)-knot if it is in 1-bridge position with respect to a genus one Heegaard surface of M. This means that there exists a Heegaard splitting of genus one
where H and H ′ are solid tori, A ⊂ H and A ′ ⊂ H ′ are properly embedded trivial arcs 1 , and ϕ : (∂H ′ , ∂A ′ ) → (∂H, ∂A) is an attaching homeomorphism (see Figure 1) . Such a decomposition is called (1, 1)-decomposition of the knot. By definition, the ambient manifold has genus less or equal than one, so M, up to homeomorphism, is S 2 × S 1 or a lens space L(p, q), including the case L(1, 0) = S 3 . This family of knots has interesting features and has recently been studied by many authors from different points of view. For instance, in [6, 8, 9] different representations of (1, 1)-knots are given, while in [1, 5, 7, 11, 16] their connections with manifolds with cyclically presented fundamental groups are studied. Important examples of (1, 1)-knots in S 3 are torus knots and 2-bridge knots. In this paper we investigate the Alexander polynomial of (1, 1)-knots. This class of knots seems to have very interesting features with regards to the Alexander polynomial. For example, in [10] the author shows that it is possible to realize each Alexander polynomial in S 3 using (1, 1)-knots. Moreover, he exhibits a family of (1, 1)-knots in S 3 with a trivial Alexander polynomial. In this paper we focus especially on (1, 1)-knots in lens spaces. From the results of [16] , each n-fold strongly-cyclic branched covering of a (1,1)-knot admits a cyclic presentation for the fundamental group and a polynomial associated to this presentation. Moreover, if K ⊂ L(p, q) and n is coprime with p, the covering is unique, and so there is a natural way to associate, with K, a polynomial that will be called the n-cyclic polynomial of K. Using the reduced Reidemeister torsion of the knot complement, we find the relation between this polynomial and the Alexander polynomial. In this 1 
This means that there exists a disk D
way, we generalize to all (1, 1)-knots, with the only exception of those lying in S 2 × S 1 , a result of [15] for 2-bridge knots and of [5] for (1, 1)-knots in S 3 . As corollaries, we extend to all (1, 1)-knots in lens spaces some properties of the Alexander polynomial of knots in S 3 .
In Section 2 we give the definition of n-cyclic polynomials. In Section 3 we recall the definition of the Alexander polynomial of a knot, and some results concerned with it. The main result of this paper is established in Section 4, where some corollaries are also collected.
2 Strongly-cyclic coverings and cyclic presentations of groups Let F n denote the free group of rank n. A group G is called cyclically presented if there exists n > 0 and w ∈ F n such that
where θ n : F n → F n is the automorphism defined by θ n (x i ) = x i+1 (subscripts mod n), for i = 1, . . . , n. Such a presentation is called a cyclic presentation. Obviously G n (w) has an automorphism of order n induced by θ n .
The polynomial associated to the cyclic presentation G n (w) is
where a i is the total exponent sum of the letter x i in the word w, for i = 1, . . . , n.
. However, their image in the quotient ring Z[t]/(t n − 1) is the same, up to units. So, from now on, we will consider the polynomial associated to the cyclic presentation G n (w) as an element of Z[t]/(t n − 1). Note that the abelianization of G n (w) has a circulant presentation matrix (as a Z-module), whose first row is given by the coefficients of p n,w .
An n-fold cyclic covering f : M → M, branched over a knot K ⊂ M, is called strongly-cyclic if the branched index of K is n. In other words 2 , if ω f : H 1 (M − N(K)) → Z n denotes the monodromy of f and m is the first homology class of a meridian loop of K, ω f (m) generates Z n . Moreover, two n-fold strongly-cyclic coverings f and f ′ , branched over the same knot K ⊂ M, are equivalent if there exists an invertible element u ∈ Z n such that the following diagram commutes
where µ u denotes the multiplication by u. So, up to equivalence, a cyclic branched covering f is strongly-cyclic if ω f (m) = 1. From now on, C n (K) will denote an n-fold strongly-cyclic branched covering of K.
If we are dealing with knots in S 3 , every n-fold cyclic branched covering of a knot is strongly-cyclic, so it exists and is unique, up to equivalence. This is no longer true for a (1, 1)-knot K in a lens space L(p, q). However, from the existence and uniqueness conditions of [5] , it follows that for each n coprime with p there is a unique n-fold strongly-cyclic branched covering of K.
The connection between (1, 1)-knots and cyclically presented groups is given by the following theorem.
Theorem 1. [16]
Every n-fold strongly-cyclic branched covering of a (1, 1)-knot admits a cyclic presentation for the fundamental group with n generators.
Moreover, this presentation is obtained by lifting a (1, 1)-presentation of the knot, as follows (for details see [5] ).
From
we get the following presentation of the knot group:
where the generators α and γ represent, respectively, a longitude of ∂H and a meridian loop of K, and the relator r(α, γ) corresponds to the loop ϕ(∂D'), where D' is a meridian disk of H ′ that does not intersect A ′ (see Figure 1 ). If necessary, by replacing the covering f : M → L(p, q) with an equivalent one, we can suppose that ω f (γ) = 1.
We have π 1 ( M, * ) = G n (w) where:
For each n coprime with p, the polynomial associated to the cyclic presentation of the (unique) n-fold strongly-cyclic branched covering of K obtained as above (i.e. lifting a (1, 1)-decomposition of K and under the condition ω f (γ) = 1) will be called the n-cyclic polynomial of K, and it will be denoted with Γ K,n .
Remark 2. In the case of a (1, 1)-knot K ⊂ S 2 × S 1 , which corresponds to p = 0, the situation is rather different. We do not have the uniqueness of the n-fold strongly-cyclic branched covering of K for any value of n > 1, and so we do not have a natural way of defining the n-cyclic polynomial. Moreover, if we denote with d the order of the torsion subgroup of H 1 (S 2 × S 1 − N(K)), there exists an n-fold strongly-cyclic branched covering of K if and only if n divides d, that is, only for a finite number of cases.
Let ∆ K ∈ Z[t, t −1 ] be the Alexander polynomial of a knot K ⊂ S 3 and denote with ∆ K,n its projection on Z[t]/(t n − 1). With these notations the results of [5] and [15] can be restated as follows.
The main result of this article is the generalization of this relation to all (1, 1)-knot in lens spaces.
Alexander polynomial
In this section we recall the definition of the Alexander polynomial of a knot K in a compact, connected 3-manifold, and give some of its characteristics.
Let M be a compact connected manifold, * ∈ M be a fixed point and denote with Φ : π 1 (M, * ) → H 1 (M) the Hurewitz homomorphism. Consider the projection j : H 1 (M) → H 1 (M)/Tors(H 1 (M)) and the induced ring homomorphism If K ⊂ X is a knot in a compact connected 3-manifold, the Alexander polynomial of K is the Alexander polynomial of M = X − N(K).
For a knot K ⊂ S 3 the Alexander polynomial has the following characterization.
We have:
Moreover, each polynomial q(t) ∈ Z[t, t −1 ] satisfying conditions 1 and 2 is the Alexander polynomial of a knot in S
3 .
Actually, from [10] , each Alexander polynomial of a knot in S 3 can be realized by a (1, 1)-knot in S 3 . Moreover, the Alexander polynomial of a knot K ⊂ S 3 determines the order of the first homology group of C n (K), the n-fold (strongly-)cyclic branched covering of K. From this theorem it follows (see [17] ) that for the Alexander polynomial of (1, 1)-knots in lens spaces it is still true that ∆ K (t) = ∆ K (t −1 ). However, we will see that the property ∆ K (1) = ±1 is no longer true.
For details on the reduced Reidemeister torsion, and on its calculation, we refer to [17] .
Remark 7.
In the case of a (1, 1)-knot K ⊂ S 2 × S 1 it could happen that the first Betti number is two. That is the case, for example, of the trivial knot. 
Main theorem
, where Γ K,n is the n-cyclic polynomial associated to K and ∆ K,n is the standard projection of the Alexander polynomial of K on Z[t]/(t n − 1).
Proof.
To prove the statement we will use the reduced Reidemeister torsion of M = L(p, q) −N(K). In the cellular presentation (1) of π 1 (M, * ), the total exponent sum of α in r(α, γ) is p, since α is a generator of π 1 (L(p, q), * ). So, by abelianization, we get
we have that η =pα +qγ and ξ = −sα + rγ generate, respectively, the free part and the torsion part of H 1 (M), where r and s are integers such that rp + sq = 1. Now, consider the covering F : M → M corresponding to the subgroup Φ −1 (Tors(H 1 (M))) of π 1 (M, * ), where Φ : π 1 (M, * ) → H 1 (M) denotes the Hurewitz homomorphism. The Betti number of H 1 (M) is one, so the covering F is infinite cyclic with monodromy ω F : H 1 (M) → t ∼ = Z defined by ω F (ξ) = t and ω F (η) = 1. Inverting the defining relations for ξ and η we have that ω F (γ) = tp and ω F (α) = t −q . Up to contraction, which does not alter the torsion, the cell complex
is a cellular decomposition for M. The reduced Reidemeister torsion of K is, up to multiplication by ±t ±h , the torsion of the complexC
, where C * ( M) is the lifting of C * (M), with a fundamental family of cells of M as a base. It easy to see that, in this complex, and with respect to such a base, the maps δ 0 :C 1 →C 0 and δ 1 :C 2 →C 1 are represented by the matrices (t −q − 1 tp − 1) and t (Q α (t) Q γ (t)), where Q α (t) (resp. Q γ (t)) is obtained from the Fox derivative ∂r(α, γ)/∂α (resp. ∂r(α, γ)/∂γ) by the substitutions α = t −q and γ = tp. Using a torsion chain for this complex (see [17] ), it is easy to get r M (t) = Q α (t)/(tp − 1) ∈ Q(t). By Theorem 6, r M (t) = ∆ K (t)/(t−1) and so Q α (t) = ∆ K (t)(
, where the equality holds up to units of Z[t, t −1 ]. To complete the proof we have to show that Q α (t) = Γ K,n (tp) in Z[t]/(t n − 1). Observe that, for each n > 1 coprime with p, the monodromy of the unique n-fold strongly-cyclic branched covering of K, F n , is the composition of ω F with the epimorphism Z → Z n , given by t → 1. Then we have ω Fn (α) = −q and ω Fn (γ) =p. Ifp = 1, to calculate Γ K,n we have to replace F n with the equivalent covering with monodromy ω ′ , such that ω ′ (γ) = 1, and so ω ′ (α) = −qp −1 , wherep −1 is the inverse ofp in Z n . It is easy to check, using formula (2) , that Γ K,n (u) is equal to the polynomial obtained from ∂r(α, γ)/∂α by the substitutions α = u ω ′ (α) = u −qp −1 and γ = u. So, setting u = tp in Γ K,n (u), we get Q α (t), which ends the proof. Remark 9. In the case of S 2 × S 1 , the previous theorem does not hold, since, as we have already observed, in this case p = 0, so for each n > 1, gcd(n, p) = n = 1. In fact, if we look at the proof, it is easy to see that, sincep = p/d = 0, the monodromy ω F (of the covering that leads to the calculation of the Alexander polynomial) sends a meridian of the knot into t 0 . So, the covering whose monodromy is the composition of ω F with the projection Z → Z n , defined by t → 1, is not strongly-cyclic for any value of n > 1.
Observe that, when p = 1, K is a (1, 1)-knot in S 3 , and we get the same statement as in Proposition 3. Moreover, if Tors(H 1 (L(p, q) − N(K))) ∼ = Z p , then the standard projection of the Alexander polynomial on Z[t]/(t n − 1) is equal to the n-cyclic polynomial, up to units.
As a corollary of this theorem, we get a generalization of Theorem 4. Proof. It is enough to observe that Γ K,n (1) = ±p.
An interesting question for future study could be whether any symmetric polynomial in Z[t, t −1 ] can be realized as the Alexander polynomial of a (1, 1)-knot in a lens space.
Example 12. Let K p,q be the trivial knot in L(p, q). We have that π 1 (L(p, q) − N(K p,q ), * ) = α, γ | α p , see [6] . Then p = d = ♯Tors(H 1 (L(p, q) − N(K p,q ))) so, for each n > p with gcd(n, p) = 1, we have Γ Kp,q,n = ∆ Kp,q (t) = p.
We end this paper by observing that formula (2) can easily be implemented to find Γ K,n , and so, by Theorem 8, to calculate ∆ K .
